Recently Fujikawa et al. [J. Food Hyg. Soc. Japan, 44, 155ῌ160 (2003)] developed a new logistic model for bacterial growth. In the present study, an adjustment factor in the model was improved. The improved model could successfully describe growth curves of Escherichia coli and Salmonella in liquid media. In particular, the model could describe the linear growth at the early logarithmic phase more accurately than the previous model, being similar in this respect to the Baranyi model. However, the improved model more accurately predicted the rate constant of growth and the duration of the lag time as compared with the Baranyi model. These results showed that the improved model has the potential to successfully predict microbial growth.
Introduction
Recently a number of growth models to quantitatively describe microbial growth in food and culture media have been developed. Among them, the modified Gompertz model and the Baranyi model have been studied by many investigators 1) , 2) . These models can describe well microbial growth in food and culture media, though the Baranyi model has been reported to describe microbial growth better than the modified Gompertz model 3), 4) . Nowadays, therefore, more studies on microbial growth modeling are done using the Baranyi model 3), 4) . The Baranyi model consists of logistic and Michaelisῌ Menten models. The logistic model is a well-known growth model for humans and animals. The rate of growth is given by the model as follows: dN/dtῑrN (1῏N/N max ) ( 1 ) where N is the population of the organism at time t and r is the rate constant, or the maximum specific growth rate. N max is the maximum population (at the stationary phase). A growth curve described with the logistic model is sigmoid on an ordinary Cartesian plane, but not on a semi-logarithmic plot.
In the Baranyi model, it is assumed that a critical substance in vivo limiting the microbial growth, such as ATP or RNA, would be generated exponentially with time 2), 5) . That is, P(t)ῑP 0 e vt . Here, P is the concentration of the substance in a cell, P 0 is the concentration at tῑ 0 and v is the rate constant. The kinetics of that substance is related to the microbial growth kinetics through a MichaelisῌMenten type equation, a(t)ῑP(t)/ (P(t)῎ K p ). K p is the MichaelisῌMenten constant for the substance. The whole equation of the Baranyi model is expressed in a di#erential form as follows:
A new parameter m, which is called a curvature parameter, is also introduced in the equation. The special case of mῑ1 is called the logistic model, as shown in Eq. (1). Let us denote a0 as the value of a(t) at tῑ0. Then, a new parameter h 0 is defined as h0ῑ῏ln a0. Here ln means natural logarithm. Also, Baranyi et al.
2), 5) defined mCurv as mCurvῑmῐ( y end ῏y 0 ). Here y end and y 0 are the natural logarithms of the cell number of the Baranyi model at the stationary phase and tῑ0, respectively. Parameters h 0 and mCurv are also related to the curvatures at the beginning and the end of the exponential growth phase, respectively.
On the other hand, the real temperature of a food product changes with time between production and consumption of the product. Prediction of microbial growth at varying temperature, therefore, is very important for practical food safety management. The Baranyi model can predict microbial growth at a varying temperature, but the predictions are not always successful 6), 7) . A study using the modified Gompertz model with varying temperature was reported very recently, but the prediction was again not very satisfactory 8) . Recently we have developed a new logistic model of microbial growth 9) . We assumed that the growth rate of microbial cells is controlled by a factor related to the minimum cell concentration, N min . Here N min is slightly smaller than the initial cell concentration (the inoculum size) of the sample. That is, we assumed that the rate of growth would be proportional to a term, 1῏N min /N. 9) . The model was superior to the modified Gompertz model, which describes a variable growth curve throughout the incubation 9) . However, we considered that the new logistic model might be improved. Here, we present an improved model that can successfully describe bacterial growth.
Materials and Methods

Growth data
Growth data for Escherichia coli were obtained from our previous study 9) . Namely, an Escherichia coli strain was grown in nutrient broth at various constant temperatures ranging 27.6 to 36.0ῑ. Viable cell counts of samples were measured during the incubation. Nine growth curves were obtained.
Growth data for Salmonella were kindly provided by Dr. Baranyi (http: //www. ifr.bbsrc.ac.uk/Safety/ DMFit/default.html), having being derived from Gibson et al. 10) . Salmonella strains were incubated in tryptone soya broth under various initial conditions of pH, salt concentration, and temperature. Sixteen growth curves (code 25ῌ40) were obtained.
Model improvement
The new logistic model (Eq. 3) was improved by modifying the position of the adjustment factor c in this study. In the improved model, the factor worked on the fraction N min /N, instead of the term 1῎N min /N. The improved model, thus, can be expressed as follows:
No other parts were changed in the new logistic model. Here, let us denote Eqs. (3) and (4) as models I and II, respectively.
Numerical solution of the models
Equations (3) and (4) were solved numerically with the 4-order RungeῌKutta method using spread-sheet software Microsoft Excel 9) . Parameters r, N max and N min in the models were estimated from experimental data. Parameter c was estimated as the value that minimizes the mean of the squared error, MSE, between logtransformed cell concentrations predicted with the model and those observed at the observation points. With those optimal values of the parameters, growth curves were generated using models I and II.
Growth parameter estimation
The rate constant of growth during the exponential phase, k, and the lag period, lag, for curves predicted with models I and II were estimated 9) . That is, k was estimated from the slope of the linear portion of the predicted curves using linear regression analysis with Excel. lag was estimated as the period between the initial point and the point where the regression line for the exponential phase intersects the horizontal line passing through the initial point on the semilogarithmic plot 11) .
Generation of the Baranyi curve
Curve fitting to the Baranyi model for experimental growth data was done with a software program DMfit, which was kindly provided by Dr. Baranyi (the web site described above). With the program, one can obtain a curve fitted to the Baranyi model as well as the values of k and lag for the fitted curve, by inputting raw data. For parameters mCurv and h 0 in the model, the default values (both 10) were input for prediction.
Statistical comparison of growth parameters
For parameters k and lag estimated from the growth models, MSE, which is a general statistical measure for comparison 2), 11) , and the correlation coe$cients of linearity between estimated and measured parameters (R 2 ) were evaluated using Excel.
Results and Discussion
Comparison of descriptions of E. coli growth curves
Models I and II as well as the Baranyi model were applied to E. coli growth in nutrient broth at various 
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temperatures. Growth curves were well described using the models (Fig. 1A) . More precisely, model II gave a better straight line in the early exponential period than model I, similar to the Baranyi model (Fig. 1B) . This was also observed for E. coli growth curves at other temperatures.
When comparing growth models, the most critical growth phase to analyze would be the exponential phase. During this phase, the most dynamic growth of microorganisms occurs. To know how steep the slope at this phase (k) is, and when the phase begins (lag), is essential to characterize the growth curve. Statistical comparison among growth models should also be weighted on this period rather than on the whole growth curve. In this study, thus, k and lag estimated with the models were studied for the model comparison.
Models I and II gave excellent estimates of k for the E. coli growth, similar to the Baranyi model ( Fig. 2A) . More precisely, model II generated the least MSE value for k, followed by model I and the Baranyi model in that order (Table 1) . Also, models I and II gave excellent correlation coe$cient values for k in comparison with the Baranyi model (Table 1) . For lag, models I and II and the Baranyi model also gave good estimates (Fig. 2B) . Model II generated the least MSE value for lag, followed by model I and the Baranyi model in that order (Table  1) . Also, models I and II gave higher correlation coe$-cients than the Baranyi model (Table 1) .
Comparison of descriptions of Salmonella growth curves
We further studied model II using Salmonella growth data under 16 initial conditions of pH, temperature, and NaCl concentration in Tryptone soya broth 10) . Models I and II as well as the Baranyi model well described the Salmonella growth curves. An example is shown in Fig.  3A . Model II and the Baranyi model gave a better straight line in the early exponential period than model I, similar to the case of E. coli growth (Fig. 3B) . However, there were few data points during the early period of incubation for most of the Salmonella curves 10) . For those curves, it was almost impossible to compare the linearity in the early exponential period among the models.
The models were compared for k and lag of the Salmonella growth curves. Models I and II as well as the Baranyi model gave good estimates for k (Fig. 4A) . More precisely, model II generated the least MSE for k among the models ( Table 2) . As regards the correlation coe$cient, models I and II gave better estimates than the Baranyi model (Table 2 ). For lag, estimates with models I and II were better than those with the Baranyi model (Fig. 4B) . Model I gave a better estimate in terms of MSE and the correlation coe$cient for lag than model II (Table 2) . Estimates with the Baranyi model for lag were not so good (Table 2) . These results in this study showed that while the three models well described the E. coli and Salmonella growth curves, model II is superior to model I or the Baranyi model.
Our study showed that with the change in the position of parameter c, the new logistic model could better predict bacterial growth at constant temperatures. In a preliminary study, models I and II were compared for E. coli growth prediction at varying temperature. Both models gave good predictions, but predictions with model II were slightly better than those with model I. These results indicated that while the di#erence in prediction between the two models is not great, model II is superior to model I.
Some of the parameters in models I and II a#ected the values of growth parameters k and lag of predicted growth curves. Namely, the value of r, which was estimated from experimental data, was almost the same as that of k. This is because the linearity of the exponential phase in the predicted curves is very high. Parameter c was related to lag; c shifts a sigmoidal curve parallel to the time axis. In model I, with a smaller value of c, the model describes a growth curve with a shorter lag period, and vice versa 9) . Interestingly, for model II, the direction of the shift is opposite; with a smaller value of c, the model describes a growth curve with a longer lag period, and vice versa.
In some cases, the estimates of k and lag for the growth curves with the Baranyi model were not so good (Figs. 2 and 4). As described above, parameters h 0 and mCurv are related to the curvatures at the beginning and the end of the exponential growth phase in a Baranyi curve, respectively. The shape of the Baranyi curve at a constant temperature changes with the values of the two parameters. It was reported that prediction at a dynamic temperature with the Baranyi model varied with the value of h0 6), 7) . However, users do not know the optimized values of those parameters for their growth data in advance. In this study, thus, we used the default values for them. This might be a serious problem for the use of the model in microbiological food safety. Practically, we need to predict microbial growth in a test food from raw environmental data only. Good, practical models should have optimized parameter values for prediction in advance when environmental data such as temperature are input into the model.
For the new logistic models I and II, the optimized values for the parameters in the models are obtained with previous growth data. The models, thus, can predict the optimized growth curves by inputting environmental data of temperature 8) . Examples will be reported soon 12) . The three models were compared with the experimental data for k (A) and lag (B). Symbols are the same as those in Fig. 1 . A straight line is the line of equivalence. Measured k is equal to r in models I and II. 
